THE SMALL QUANTUM COHOMOLOGY OF A WEIGHTED 
PROJECTIVE SPACE, A MIRROR D-MODULE AND THEIR 

CLASSICAL LIMITS 



ANTOINE DOUAI *, ETIENNE MANN f 



• Abstract. We first describe a canonical mirror partner (_B-model) of tlie small quantum 

' orbifold cohomology of weighted projective spaces ( A-model) in the framework of differential 

. equations: we attach to the A-model {resp. i?-model) a £>-module on the torus and we show 

CsJ ' that these two D-modules are isomorphic. This makes the A and S-models mirror partners 

, and yields, in this situation, an explicit and finer version of a recent result of Iritani. Then 

' we study, using the theory of the Kashiwara-Malgrange filtration, their degenerations at 

' ' . the origin and we apply our results to the construction of (classical, limit, logarithmic) 

' Frobenius manifolds. 
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1. Introduction 

Mirror symmetry has different mathematical formulations: equality between the / and 
J functions, equivalence of categories, isomorphisms of Frobenius manifolds etc... In this 
paper, we first explore the D-module aspect for the weighted projective spaces P(w) : = 
P(wo, Wi, ■ ■ ■ , the A-model, where wq, Wi, ■ ■ ■ , are positive integers (to simplify the 
exposition, we will assume that wo = \). It will be encoded by the Saito structures of weight 
n on X M, that is tuples (M, H, V, S, n) where M is a complex manifold, H is & trivial 
bundle on x M, V is a flat meromorphic connection with logarithmic poles at {c>o} x M 
and of order 1 at {0} x M and is a symmetric, nondegenerate, V-fiat bilinear form (for 
short a metric, even if there is no positivity consideration here). More precisely, we attach 
a Saito structure on P^ x C* to the small quantum orbifold cohomology of F{w) and we 
show that it is isomorphic to the one associated with a suitable potential: this S-model will 
be our mirror partner for the small quantum orbifold cohomology of weighted projective 
spaces. It should be emphasized that our construction yields an explicit and finer version of 
[201 Proposition 4.8] (Iritani's i?-models are a priori only bundles on C x C*), using a more 
direct, algebraic, approach and enables us to understand the results of [8J using the theory 
of differential systems. 

In order to get this first result, we proceed as follows: following Iritani [20], we first attach 
a Saito structure to any proper smooth Deligne-Mumford stack using the quantum orbifold 
cohomology. Thanks to the results recently obtained in [8j, this construction can be done 
very explicitely in the case of the weighted projective spaces and yields, taking into account 
an action of the Picard group, a Saito structure 

where Ma = -ff^(P(w), C)/ Pic(P(w)) ~ C*, the metric S"^'*"™ being constructed with the 
help of the orbifold Poincare duality. We will call this Saito structure the (small) A-model 
D -module. It should be noticed, and this will be a crucial observation, that the usual sections 
Ij-P-' of the orbifold cohomology are not global sections of the bundle H^'^^. 

We then look for a mirror partner of this A-model D-module. Using the methods devel- 
opped in [1^ and [22], we show how it is canonically obtained from the Gauss-Manin system 
of the function F : U x Mb ^ ^ defined by 

F{ui, ■ ■ ■ ,Un,x) = Ui-\ h M„ + — 

Ui ■ ■ ■ M^" 

where U = (C*)" and Mb = C*. Indeed, a canonical solution of the Birkhoff problem for 
the Brieskorn lattice of F gives a canonical trivial bundle on x Mb equipped with 
a connection with the desired poles (and it should be emphasized that we have something 
canonical here). We get in this way a canonical Saito structure 

{MB,H'',V'',S'',n) 

which will be our B-model D-module, and we show that the A-model Z)-module and the 
5- model D-module are isomorphic (see Theorem 15.1.11) . 

Identifying the A-model D-module and the i?-model D-module, we obtain finally a canon- 
ical Saito structure 

S^ = {M,H,V,S,n) 

where M = C* (the index w recalls the weights wo, - ■ ■ , Wn) and, as a by-product, a canonical 
Frobenius type structure F^; on M in the sense of [11] and [THj, that is a tuple 

F^ = {M,E,Ro,R^,<l>,\y,g) 
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the different objects involved satisfying some natural compatibility relations (coming from 
the flatness of V). This Frobenius type structure will be the main tool in our construction 
of Frobenius manifolds. 

In the second part of this paper, we study the behaviour of these structures at the origin 
(this kind of problem is also considered in [lOj, using another strategy and in a different 
situation). We construct (see section [6.1.2p a canonical limit Saito structure 

on P^, using Deligne's extensions of the connection involved, and thus a canonical limit 
Frobenius type structure on a point. We explain how it can be used to understand 
the correspondance between "classical limits" , that is between the orbifold cohomology ring 
of P(w) and a suitable graded vector space: we hope that it will throw new light on [221 
theorem 1.1]. 

The last part is devoted to the construction of classical, limit and logarithmic Frobenius 
manifolds: we need a Frobenius type structure and a section of the corresponding bundle 
such that the associated period map is invertible, in other words a primitive section, see 
for instance [211 Chapitre VII]. To get such objects, we look, following [11] and [H], for 
unfoldings of F^, and (in the limit case), which can thus be seen as "initial data": they 
will be obtained from unfoldings of the Saito structures and S^. In the best cases, 
but not always, we use the reconstruction method presented in loc. cit. to get universal 
unfoldings: the existence of a primitive section, hence of a Frobenius manifold, follows from 
this universality property. We show first and in this way that 

(1) the Frobenius type structure F^ yields a Frobenius manifold on A x (C'^~^,0), A 
denoting any open disc in M. We will use it to compare, using the arguments given 
in [Tl], the canonical Frobenius manifolds attached to the functions := F[. ,x), 
X G A, by the punctual construction given in [Hj; 

(2) the limit Frobenius type structure F^ yields "limit" Frobenius manifolds, depending 
on the weights wq, - ■ ■ ,Wn ■ For instance, we get a universal unfolding only in the 
manifold case {i.e Wq = ■ ■ ■ = Wn = !)'■ as a consequence of the universality, we 
obtain a unique, up to isomorphism, canonical limit Frobenius manifold. In the 
orbifold case, that is if there is a weight Wi greater or equal to two, we construct a 
limit Frobenius manifold for which the product is constant, but we loose any kind of 
unicity: our limit Frobenius type structure could produce other Frobenius manifolds, 
which can be difficult to compare. 

This distinction between the manifold case and the orbifold case also appears in the con- 
struction of logarithmic Frobenius manifolds. For instance, in the manifold case, we show 
how our initial data F^ yields more precisely, as before via one of its universal unfoldings, 
a logarithmic Frobenius manifold with logarithmic pole along x = in the sense of [23]. 
This gives the logarithmic Frobenius manifold attached to P" in loc. cit. by a different 
method (Reichelt works directly with the whole Gromov-Witten potential; more generally, 
he constructs a logarithmic Frobenius manifold from the big quantum cohomology of any 
smooth manifold ). In the orbifold case, our metric degenerates at the origin and we get 
only a logarithmic Frobenius manifold without metric. The construction of a logarithmic 
Frobenius manifold using this method is still an open problem. We also explain why Re- 
ichelt's construction does not work in the orbifold case. 

The paper is organized as follows: we introduce the combinatorics and we define the Saito 
structures and the Frobenius type structures in section [21 The construction of the Saito 
structure attached to an orbifold (the A-model D-module) is done in section [31 It is ex- 
plained in the case of the weighted projective spaces. Section [His devoted to the construction 
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of the 5-model D-module and the main theorem is stated in section O We compute the 
hmits of our structures in section E] and we discuss the construction of Frobenius manifolds 
in section [71 

This paper is a revised version of the preprint [12] and supersedes it. 



2. Preliminaries 
2.1. Combinatorics. Let Wo,Wi, ■ ■ ■ , w„ be positive integers and 



F := ■i—\0<i<Wi-l, 0<i<n 

Wi 



We denote by /i, ■ ■ ■ , fk the elements of F arranged in increasing order: 

= /i < /2 < ■ • • < /fc < /fc+i := 1. 

For / G Q, we define 

(1) Sf := {j\ Wjf G Z} C {0, ■ ■ ■ ,n} and := J]^ Wj. 

The multiplicity, denoted by di, of is the positive integer defined by di := #5/-. In 
particular we have Sf-^ = {0, ■ ■ ■ , n}, mi = wq ■ ■ ■ Wn and di = n + 1. Notice that 

di-\ \- dk = Wo-\ h ^i'„ := yU. 

Let Co, Ci, • ■ • , c^_i be the sequence 

/l } ' J J fl j /2, • -J , f2j ■ ■ ■ , fk, ■ -J , fk 

di d2 dk 

arranged in increasing order. It can be obtained as follows (see [HI p. 3]): define inductively 
the sequence {a{k),i{k)) e N"+i x {0, ■ ■ ■ , n} by a(0) = (0, ■ ■ ■ , 0) , i(0) = and 

a{k + 1) = a{k) + Ij(fc) where i{k) := mm{i\a{k)i/wi = mma{k)j/wj}. 

j 

In particular, a(l) = (l,0,---,0), a{n + 1) = (1,---,1), a(/i) = (1, Wi, ■ ■ ■ , w„) and 
Sr=o '^(^)i — ^- Then we have : 

Cfc = a{k)i^k)/wi(k)- 

Lemma 2.1.1. We have Cq = • • • = c„ = 0, c„+i = ^J^.^. and Ck + c^+n-k = 1 for k > n + 1. 
Proof See [H p. 2]. □ 

Define now, for = 0, ■ ■ ■ , fi — 1, ak := k — fiCk- 
Corollary 2.1.2. We have ao = 0, ■ ■ ■ ,an = n, ak+i < afc + 1 for all k, 

ak + a/.+n-fc = n 

for k = n + 1, ■ ■ ■ ,1^ — 1 and 

ak + an-k = n 

for k = 0, - ■ ■ ,n. 

The a^'s will give the spectrum at infinity of a certain regular function on the B-side (see 
section H]) and half of the orbifold degree on the A-side (see section [3.3. II) . Notice that these 
numbers are integers if and only if Wi\^ for i = 0, - ■ ■ ,n. 

Example 2.1.3. Let Wq = 1, Wi = 2, W2 = 2. We have : 
• /i = 5, 
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. A = 0, rfi = 3, /2 = 1,^2 = 2, Sf, = {0,1,2} and % = {1,2}, 

. a(0) = (0, 0, 0), a(l) = (1, 0, 0), a(2) = (1,1,0), a(3) = (1,1,1), a(4) = (1,2, 1) 

• Co = ci = C2 = 0, cs = C4 = I and ao = 0, ai = 1, 0^2 = 2, as = |, 04 = |. 
We will follow this example all along this paper. 

2.2. Saito structures and Probenius type structures. 

Definition 2.2.1. Let M be a complex manifold, n be a positive integer. A Saito structure 
of weight on X M is a tuple (M, if, V, S", n) where 

• H is a trivial bundle over x M, 

• V is a meromorphic, flat connection on H with poles along {0, 00} x M, logarithmic 
along {00} X M, of order 1 along {0} x M, 

• 5* is a V-fiat, nondegenerate C-bilinear form, satisfying 

s ■.nxi*n^ z^'Opiy.M 

where T-L is the sheaf of section of H, z is the coordinate on P^ \ {00} and 

z : P^ X M ^ P^ X M 

sends (2;,^) to {—z,t). 

Definition 2.2.2. Two Saito structures (Mi, i^i, Vi, 5*1, rii) and (M2, if2; V2, 5*2, ^2) are 
isomorphic if there exists an isomorphism (id, r) : P^ x Mi — P^ x M2 and an isomorphism 
of vector bundles 7 : ifi — )■ (id,r)*if2 compatible with the connections and the metrics, i.e 
such that 

• V27(s) = 7(Vis) for any section s of Hi, 

• '^'2(7(6), 7(/)) = 5*1 (e, /) for any sections e and / of Hi (in particular ni = 722), 

V2 {resp. S2) denoting the connection {resp. the metric) on (id, t)*H2 induced by V2 {resp. 

S2)- 

Definition 2.2.3. A Frohenius type structur^ on M is a tuple 

(M,E,v,i?o,^oo,$,^) 

where 

• _E is a locally free sheaf of OAf-niodules, 

• -Ro and R^o are CM-hnear endomorphisms of E, 

• Vt^{M) (g) E is a CAf-hnear map, 

• is a OAf-bilinear form, symmetric and nondegenerate (a metric), 

• V is a connection on E 

these objects satisfying the relations 

V' = 0, v(^oo) = 0, $ A $ = 0, [i?o, $] = 0, 
V($) = 0, v(^o) + $ = i?oo], 

V(^?) = 0, = $, Rl = Ro, R^ + R*^ = rid 
for a suitable constant r, * denoting as above the adjoint with respect to g. 

Remark 2.2.4. (1) A Saito structure on P^ {i.eM = {pomt}) will be denoted by (if, V, 5, n). 
(2) A Frobenius type structure on a point is a tuple 

{E, Ro, Roo, g) 

where i? is a finite dimensional vector space over C, is a symmetric and nondegenerate 
bilinear form on E, Ro and i?oo being two endomorphisms of E satisfying Rq = Ro and 

After K. Saito. It is sometimes called a tr(TLEP){n)-stTxictuTe, see [IH Section 5.2] 
^This terminology is borrowed ft-om [TB] 
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i?oo + Rio = ''"id for a suitable complex number r, * denoting the adjoint with respect to g. 
♦ 

A Saito structure yields a Frobenius type structure (see for instance [2H VI, paragraphe 
2]). Indeed, let {M, HjV , S,n) be a Saito structure on x M, cxi,--- , 0"^ be a basis of 
global sections of H. Define 

{o}xM and Eoo '■= H |{oo}xm {E and E^o are canonically isomorphic), 

• Ro[(yi] := [9^VQg(Ji], for i = 1, ■ ■ ■ ,r, 

• S-IN, Kl) := 0-'^S{a„aj) for j = 1, ■ ■ ■ ,r, 

• := [^^V^(Tj] for any vector field ^ on M, [ ] denoting the class in E. 

The connection y and the endomorphism R^o are defined analogously, using the restriction 
Eoo'- we put, with r = 2;"^, 

Proposition 2.2.5 (see [21])- T/ie tuple (M, i?0) -Roo ^) V; 5') « Frobenius type structure 
on M. 

Notice that the characteristic relations of a Frobenius type structure is the counterpart of 
the integrability of the connection of the associated Saito structure. 

3. A-MODEL 

Let A" be a smooth Deligne-Mumford stack of finite type over C of complex dimension 
n. In this section, we construct a Saito structure on x Ma where Ma '■= Hl^^i^X.'C) 
(a quantum D-module in the sense of [20J; a similar notion, called semi-infinite variation 
of Hodge structure is defined by Barannikov in [2] and |3]). This will be our big A- model 
D-module. We restrict it to H'^{X, C) and we quotient the result by an action of the Picard 
group of X to get the small A-model D-module. Finally, we explain this construction for 
weighted projective spaces. 

Our general references on orbifolds and orbifold cohomology will be [T], [B] and [7]. 

3.1. The big A-model /^-module. First, we recall some basic facts about orbifold coho- 
mology. The inertia stack, denoted by ZX := X ^xxx ^i is the fiber product over the two 
diagonal morphisms X ^ X x X . The inertia stack is a smooth Deligne-Mumford stack but 
different components will in general have different dimensions. The identity section gives an 
irreducible component which is canonically isomorphic to X. This component is called the 
untwisted sector. All the other components are called twisted sectors. We thus have 

IX = xu\_\x^ 

where T parametrizes the set of components of the twisted sectors of XX. 

The orbifold cohomology of X is defined, as vector space, by H*^^{X,C) := H*{IX ,C). 
We have 

HUiX, C) = H*{X, C) © /7*(A'„ C). 

We will put Ma := H*^^{X, C) in what follows. 

To define a grading on Ma, we associate to any f G T a rational number called the age of 
Xy. A geometric point {x, g) in XX is a point x of X and g G Aut{x). Fix a point {x, g) & Xy. 
As g acts on the tangent space T^X , we have an eigenvalue decomposition of T^X. For 
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any / G [0, 1[, we denote (TxX)f the sub- vector space where g acts by multiphcation by 
exp(2\/— Itt/). We define 

age(w) := ^ f.dimciT^X)f. 

/6[0,1[ 

This rational number only depends on v. Let be a homogeneous cohomology class of X^. 
We define the orbifold degree of by 

deg°'^(a^) := deg(a^) + 2age(t;). 

Let 00, • • • , 0Af be a graded homogeneous basis of H*^y^{X, Q) such that 0o ^ Q) and 

01, . . . , 0s G H'^{X, Q). Notice that the cohomology classes 0i, . . . , 0.; are in the cohomology 
of A" i.e in the cohomology of the untwisted sector. We denote also by 0o, . . . , (pN the image 
of these classes in H*^^{X ,C). We will denote by t := (to, • • • ,tN) the coordinates of Ma 
associated to this basis. 

3.1.1. The trivial bundle and the flat meromorphic connection. Let H"^ be the trivial vector 
bundle over x Ma whose fibers are H*^^{X, C). For z G {0, . . . , A^}, we see 0i as a global 
section of the bundle H^. 

Define the vector field, called the Euler vector field, 

^ / J„„orb/ 



i=0 ^ ^ i=l 



where the are rational numbers determined by the equality ciiTX) = X]i=i 
the vector field 

The big quantum producio endows the vector bundle with a product. We define a 
(9j\/^-linear homomorphism which will turn out to be an Higgs field {ie. $ A $ = see 
Proposition I3.1.ip 

$ : TMa ^ End {H^) by $(9,) = 0, . 

In coordinates, we have 

TV 

$ = j2<^^'\t)dti 

1=0 

where is the endomorphism 0j»t. 

Define, on the trivial bundle H^, the connection 

:= dM^ + d^i - -n*<!> + (-^IB) + rJ] — 
z \z J z 

where vr : x Ma — Ma is the projection and i?oo is the semi-simple endomorphism whose 
matrix in the basis (0j) is 

deg°^'^(0o) deg°^^0^) 



Roo = Diag 

The proposition below is well-known to the specialists, and already stated in [20], but we 
did not find a complete proof of it in the literature. Some parts and ideas can be found in 
I21],|I9],[2I] and [9]. 

Proposition 3.1.1. The meromorphic connection is flat. 



''Usually, working on quantum cohomology, one has either to add the Novikov ring (see section 8.1.3 of 
[S]) or to assume that the quantum product converges on some open of Ma (see Assumption 2.1 in [20] )■ But 
we will mainly consider the small quantum product of weighted projective spaces, for which the convergence 
problems are solved. 
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Proof. Set -Ro(^) •= ^{^) which is the endomorphism of E defined by 

^ / J „orb/ 

(Pi) \ . > sr^ 



1=0 ^ ^ 2=1 



The fiatness of V is then equivalent to the following equalities : 

(2) ^-^^Ofor.,e{0,...,iV} 

(3) [<l>«(t),$(^)a)] = Oforz,jG{0,...,iV} 

(4) [Roil), <i>^'\t)] = for z e {0, ... ,N} 

(5) - = Roo] for ^ e {0, . . . , AT} 
Let Fo{t) be the Gromov-Witten potentiel of genus 0. We have 

AT 

(6) $(ao(0,) = 0..,0, = 

and thus, by [9^, p. 231], 

AT N N 

(7) = Yl ^^^,^,Fo{t)<f)' = J2Y1 d-AdfFo9"'^k 



1=0 1=0 k=0 



where is the orbifold Poincare dual of (f)£ and the matrix {g ) is the inverse matrix of the 
matrix of the orbifold Poincare duality on Ma- From ([HD and ([7j), we deduce that, for any 
i,j G {0, . . . , A^}, we have 

<^f,it) = J2^^^AFo{t)9"'■ 

e 

This implies the equalities ([2]). The second equalities ([3]) follows from the associativity of 
the quantum product (see §8.4 of [9]). We have 

^ / J orb ( A \\ * 

/ — n V / z — 1 



k=0 ^ ^ k=l 

" 'i*t_\(f>k*t_(f>3, 



z — n V / I — 1 



A:=0 ^ ^ k=l 

hence the equalities (jl]) follows from the associativity and commutativity of the quantum 
product. Let us prove now the fourth equahties We have 

(8) [$(^Uoo](0.) = ^^^^<P.*t<P,-f:dAdkFo{t) L-^^^^) 0^ 

fc=0 ^ ^ 

because deg°^^(0'^) + deg°'^^(0fc) = 2n. On the other hand, using ([2]), we deduce that 

(9) ^ - $«(t) = € . - 

Moreover the Euler vector field <E safisties the following properties (see [211 P-24]) 

(10) mdjdkFoit) = did,dk€Fo{t) + d,dj[<E, dk]Fo{t) + d,[€, 9,]9,.Fo(t) + [£, d,]djdkFo{t) 
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(12) €Fo(t) = (3-dimcA')Fo(t). 
Using the relations (fTOi) . (fTT]) and (fT2l) . we get 

(S-$«(0,) = e(</., 

fc=0 ^ ^ 

n.^ / deg-^^.) , deg-^^,) ^ , , , >^ / deg-^^fe) 

(13) = ( + ^—^ 1 (pi •t <Pj + 2^[ ^ n 1 d,djdkFo{t)(j) 

^ ^ fc=0 ^ ^ 

Putting together ([8]), ([9]) and (fT3|) . we deduce the last equalities ([5]). □ 

Remark 3.1.2. The connection c^m^ — ^71*$ is flat (see [91 §8.4 and §10.4]): this is equivalent 
to equalities ([2]) and ([2D. ♦ 

3.1.2. The pairing. The vector space H*^.^{X,C) is endowed with a nondegenerate pairing 
which is called the orbifold Poincare pairing (see [7]). We denote it by (■, ■). It satisfies the 
following homogeneity property: 

(14) if (0„ 0,) ^ then deg°'-^(0,) + deg°'-^(0,) = 2n. 
We define a pairing on the global sections (po, . . . , (pjy of by 

5^(0,, 0,) :=^'^(0„0,). 
and we extend it by linearity using the rules 

(15) a{z,t)S'^{-,-) = 5^(a(z,t)-,-) = S'^{-,a{-z,t)-) 
for any a{z,t) e CpixM^- 

Proposition 3.1.3. The pairing S^{-, ■) is nondegenerate, (—1)" symmetric and V^-flat. 

Proof. As the orbifold Poincare duality is nondegenerate, the pairing is nondegenerate 
and (—1) "-symmetric by f|T5|) . The V"^-flatness is equivalent to 

(16) zd,S\<P,, 0,) = 5^(Vl0„ 0,) + ^^(0,, Vl0,) 

(17) 9,5^(0,, 0,) = 5^(V^^0„ 0,) + 5^(0., V40,) 
Using the rules (|T5|) . we have 

29,5^(0,, 0,) =T25^(0^,0,) 



1 



5^(ZV^>„ 0,0 = -5^(<l'(€)(0,), 0,) + 5'^(i?oo0., 0,) 

^^(0„ Vl0,) = --^^(0., $(S)(0,)) + ^^(0., Rooh) 

z 

We denote by R*^ the adjoint of -Roo with respect to S^{-, ■). The following equalities 

(18) (0fc •t 4>i, 4>j) = (0i, 0fc 0j) 

(19) R^ + Rl, = nid 

imply (fT6l) . The left hand side of (|T7|) vanishes because S"^{(j)i, (pj) does not depends on the 
coordinates t. The equalities ( !T8|) implies that the right hand side also vanishes. □ 
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From propositions 13.1.11 and 13.1.31 we get 

Corollary 3.1.4. The tuple {Ma,H^,V^,S^, n) is a Saito structure on x Ma- 

Definition 3.1.5. The Saito structure (M^, i/^, V^, n) is called the big A-model D- 
module associated to X . 

Remark 3.1.6. Iritani defines also a A-model D-module [20} definition 2.2] and his defini- 
tion is very closed from ours (compare with remark |4. 5. 3p . There are some mild differences: 
the first one is that Iritani considers the opposite of our Higgs field and, in order to identify 
with 7c*TMa, he uses (pi I—)- di whereas we use 0j —di (we choose the minus sign be- 
cause usually the infinitesimal period map on the i?-side is defined with a minus sign). The 
second one is that Iritani considers the matrix Roo — f id which has symmetric eigenvalues 
with respect to (in our case, the eigenvalues are symmetric with respect to n/2). ♦ 

3.2. The small A-model £)-module. On a manifold X, the small quantum product is the 
restriction of the big one to H'^{X, C), that is •( where t G H'^{X, C). The classes in H^{X, C) 
play a special role because they satisfy the divisor axiom for Gromov-Witten invariants. For 
orbifolds, the divisor axiom works only for classes in the second cohomology group of the 
untwisted sector (see Theorem 8.3.1 of pQ), that is H'^{X,C) (and not H^^^{X,C)). 

3.2.1. Restriction of the big A-model D-module. We first restrict the big A-model Z)-module 
{Ma, H^, V^, n) to Mf^ := H^{X, C) and we get a Saito structure on x MJ^ denoted 
by 

(M^"^, i/^'^'", V^''^"', S^''"^, n). 
,ts) be the coordinates on M^. The restricted connection is 

V^'^"^ = dMT + dv^ - + {-^'''\e''') + R^ — 

^ z \z J z 

) is the restriction of $ (resp.S) on TM^. In coordinates, we have 

s s 

$sm = J2<^^'\r'')dti and = ^r^^i. 

i=l 1=1 

Notice that (B^"^ is uniquely determined by Ci{TX) and that <|>'^™(^'^™) is the small quantum 
multiplication by ci{TX). 

3.2.2. An action of Pic{X). For manifolds, the quantum product is equivariant with respect 
to the action of the Picard group. In this section, following Iritani [20], we extend this action 
to the orbifold case. 

Let L be a line bundle on the orbifold X. For any point x E X, we have an action of 
Aut{x) on the fiber of L at a; denoted by that is an element on GL{L^). Hence, for any 
point (x, g) E X^ C XX , we have an element fv{L) G Q fl [0, 1[ such that the action of g on 
Lx is the multiplication by e'^^-^'"f'"^^\ The rational number fv{L) depends only of f G T 
(see [H section 7]). 

Remark 3.2.1. If A" is a toric orbifold, then we have X = [Z/G] where G := IIom(Pic(A'), C*) 
and Z is a quasi-affine variety in some C™ (cf. [4J and [15] for a more precise definition). 
The inertia stack is parametrized by a finite subset T oi G. A line bundle L on A" is given 
by a character xl of G (see [I5]). In this special case, fv{i^) is defined by the equahty 
Xl{v) = e2-v^/"W. ^ 

We define now an action of Pic(A') on {M'/", H^'^"^, V^''"", n) as follows: 



Let := (ti,... 

(20) 

where (resp. 
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;i) on the fibers of H"^''"", for a © 0^^^. E H*{X, C) © 0^^^ H*{X^, C) the action is 
given by 



(21) L - L©0aJ =a©0e2-^^"(^)a„ 

\ v(^T J v&T 

(2) on M^2^ = H\X, C) we define 

(22) Pic(A') X H\X, C) — y H\X, C) 

^ s \ / s \ s 

L,Y,U(p^] ^ \ Y.^i(Pi] -27rv^Ci(L) = ^(t,-27rv^Li)(/.i 

i=l J \i=l J 1=1 

where Ci(L) = Y.t=i ^i^i- 

Proposition 3.2.2 (see proposition 2.3 of [20j). (1) The small quantum product is equi- 
variant with respect to this action: for any classes a,/3 E H*^^{X ,C) , for any point t^^ G 
H'^{X,C) and for any L G Pic(A:'), we have 

(L ■ a) •L-t-m {L ■ f3) = L ■ {a /3). 

(2) The pairing S'"^''^™(-, ■) is invariant with respect to this action. 

Proof. Recall that we denote by 0* the Poincare dual of (pi. By definition of the small 
quantum product, we have 

N 

By definition of the Poincare duality, we have that L ■ cff = ■ (pi. Using the proof of 
Proposition 2.3 in [20], we deduce that 

N 

(L ■ a) •L-t^n. {L-/3)= Y(L-a,L-/3,L- 0,)o,3,d {L ■ 0^ e/'^(^--=^-^'=i(^« 

N 

d&H2{X,Q) i=0 

For the second statement, we show that for any G H*{Xy, C), for any G H*{Xii], C) 
and for any L G Pic(A:'), we have : 

S{L ■ ajj,L ■ a^j) = S'(a^, a^,). 

We have that S{av,aw) 7^ implies that the involution of IX sending {x,g) — )■ {x,g^^) 
maps Xy to (see the definition of the orbifold Poincare duality in [7]). This implies that 
fv{L) + fw{L) G {0, 1}. Hence, we have 

S{L ■ay,L- a^) = e'^^^^^^^^^^^^^^^^ S{ay, a^) = S{ay, a^). 

□ 

Remark 3.2.3. By the divisor axiom, the variables corresponding to H'^{X,C) appear as 
exponential in the genus Gromov-Witten potential. For i G {1, . . . , s}, we have indeed 
terms of the form e*'-^'''^* for /3 G H2{X,Q) and the action above acts on these terms as 
follows 

(^23) L ■ e^^=i -^/S = e^^=i*'-^/3''^'e~^''^^-^'3'^^*-'^''. 
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Since, for orbifolds, the classes /3 and the Chern classes are rational, the action of the Picard 
group is not trivial. So the multiplication by exp (^—27!^^/^ Ci(L) j has to be corrected by 

a natural action on the fibers of H^'^^ on the twisted cohomology classes in order to get the 
proposition above. For manifolds, the homology class /5 and the Chern classes are integral, 
hence the action fl23l) is trivial: the quantum product for manifold is invariant with respect 
to this action. ♦ 

3.2.3. The quotient structure. It follows from proposition 13.2.21 that the Saito structure 
(M^™, if^'*^™, 5'^''^™, is Pic(A')-equivariant. Hence, it defines a quotient Saito structure 
denoted by 

■= {Ma, H^^''^, V^'^'", 5^'^"", n) 

where 

Ma := H^{XX)/^H^) - (C*)'. 
Corollary 3.2.4. The tuple is a Saito structure on on P-*^ x Ma- 

Definition 3.2.5. The Saito structure (Al^, fl'^''"', V^'""", n) is called the small A- 

model D-module. 

Remark 3.2.6. For i E {0, . . . , N}, 0j is a global section of ff^'^™. We have 
(f)i is a global section of <^=^ L ■ (pi = (pi, VL G Pic(A:'). 

We deduce that the classes (pi in the cohomology of the untwisted sector are global sections 
of H^'^™. Notice that if Si and S2 are global sections of ff^-*^™^ then so is Si •jsm S2- To find 
a basis of global section of H^'^^, we will look for sections of the kind si •t^^ S2- ♦ 

For i G {1, . . . , s}, we put := exp(tj). However, the q := (gi, ■ ■ ■ ,qs) are not coordinates 
on Ma because, for L G Pic(A'), we have 

(24) L-qi = qiC-^^^'^^ 

where Li are rational numbers defined by ci{L) = Yli=i LiCpi G H'^{X , Q), see fl22|) . However 
if we choose as generators of the free part@ of Pic(A') and put (pi := ci(£j), 

then the Lj's are now integers i.e, (gi, ■ ■ ■ ,qs) are coordinate^ on Ma- In such a choice of 
coordinates on Ma, the connection V"^'**™ is given by 

(25) V^'^'" = + dpi - + ( H^'^ie'^) + R^] — 

z \z J z 

where 

Remark 3.2.7. We first restrict the big A-model Z?-module (Ma, -ff^, V^, S*^, n) to x 
H'^{X,<C) and then we quotient it by the action of Pic(Af). In [20], Iritani defines a global 
action, called Galois action, of Pic(A:') on {Ma, , ,n), giving a Saito structure 

on Ma/Vk{X). If we restrict it to Ma = H'^{X ,C)/ Pic{X) we get the small A-model 
D-module above. ♦ 



Observe that the first Chern class of a torsion line bundle vanishes. 

^For manifolds, the situation is easier because one can choose 0^ as an integer cohomology class. Since 
ci{L) is an integer cohomology class, the Li's are integers. 
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3.3. The small A-model D-module for weighted projective spaces. We describe in 
this section the small A-model D-module 



= {Ma, H"^'""", V^'^'", S^''"^, 



n] 



associated with the weighted projective space f{w) := P(wo, . . . , w„), where wq, ■ ■ ■ , "W^n are 
positive integers with wq = 1. The index ^ recalls these weights. 

3.3.1. The toric description. We use here the notations and the definitions given in section 
12.11 Recall that we assume Wq = 1. We follow the definition of [8] for weighted projective 
spaces, that is with negative weights, 

(26) F{wo, wi,..., Wn) := [C"+i - {0}/C*] 

where the action is given by A(xo, . . . ,Xn) '■= (A~'""xo, . . . , A~"'"x„). It is a toric Deligne- 
Mumford stacks in the sense of |15j and Its stacky fan is given by 

• the lattice N ■=Z''. 

• the morphism f3 : Z"+^ — )• that sends the canonical basis Cj to (0, . . . , 0, 1, 0, . . . , 0) 
and Co to (— wi, . . . , —Wn)- 

• the fan S in is the complete fan where the rays are generated by (3{ei). 

Remark 3.3.1. (1) The Picard group of ¥{w) is Z and it is generated by the line bundle 
0(1). 

(2) For i G {0, . . . ,n}, each /3{ei) corresponds to a toric divisor Dj. This toric divisor is 
simply the canonical inclusion of f{wo, ■ ■ ■ , Wi, . . . , w„) P(w). The line bundle associated 
to the toric divisor Di is 0{wi). The situation when = 1 is particularly nice, because the 
toric divisor Dq is 0{1) which generates the Picard group. We denote by P := Ci((9(l)) G 
H\F{w),Q)cHl^{Fiw),C)- ♦ 

For any subset / = {ii, . ■ ■ ,ie} C {0, . . . ,n}, we put F{wi) := P(wij, . . . , WjJ. Recall the 
sets F and Sf defined in ([1]). Following [22] and |8|, the inertia stack is 

IF{w) := y F{ws,) 

For any f & F, denote by 1/ the image of the cohomology class 1 G i?''(P(w5^), C) in 
H*^^(T'{w), C). A basis of the orbifold cohomology H*^^(F{w), C), which is a C-vector space 
of dimension /i, is given by the elements 



-times 



3- 



(27) If^P' := 1/^Uorb P Uorb ■ ■ ■ Uorb P, for 2 G {1, ■ ■ ■ , k} and j G {0, • • ■ , - 1}. 
The orbifold degree is now defined by 

n 

deg°^n^,P^:=2j + 2 5^{-^fc/,} 

k=0 

where {r} := r — [rj is the fractional part of r. The orbifold Poincare duality (see |22]) is 
given by 

fci _ if fi + eN and k + i = di-1 



(28) (1/.PM/,P0 



otherwise 



where = rises' "^i (^^^ O)- Notice that if fi + /j G N then Sj. = Sj. so that the right 
hand side of (!28|) is symmetric in i and j. 
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3.3.2. Description of the small A-model D -module. Let ti be the coordinate on iJ^(P(w), C), 
q := exp(ti) and C{q) be the matrix of the endomorphism P»g of H*j.^(F{w), C) in the basis 
(If-P^). This matrix is computed in [S] (see also [IT]): we have 

/ ■■■ a/,g^-'="-i\ 



C(g) := 



aiq- 



Cl— CO 











a2q 



C2-C1 














Cu-1-C^_2 







where 
(29) 




if i = di + ■■■ + dj 
otherwise. 



Following the remark [3. 2. 6[ we define, for i G {0, ■ ■ ■ , /i — 1}, 

{P">y :=p.^....^p with (P'')° := 1;,. 

i times 

Lemma 3.3.2 (See 0). (1) We have 

(30) (P'^y = q'^sdc^P''^'^ 

where r{i) := ^{k \ k < i and = q} and Si = 11^=0 ^fe '^'^'"'''^ ■ ^it- particular, for each q 0, 
the cohomology classes ((P''')*)o<j<^_i form a basis of the vector space H*^^(f'{w),C) . 
(2) For every i, deg°'^(P*«)* = deg"'^ Ic^P^'^'l 

The following proposition refines the remark 13.2.61 for weighted projective spaces. 

Proposition 3.3.3. The Picard group Pic(P(w)) acts on the two basis (If.P^) and ((P*')*) 

of H*j.^[F[w)) via the following formulas: 

0{d) ■ IfP'' = e-^^^'^^lfP^ and 0{d) ■ {P'^Y = {P'ow^y. 

for any d For r G Q, we have also 0{d) ■ q"^ = q'^' Q-'^'^\^dr ^ 

Proof. Because we take the definition of weighted projective spaces with negative weights 
(see Formula fl26|) ). the line bundle 0{d) corresponds to the character x : C* — ?■ C* which 
sends z — z~'^. Using remark [3. 2. ![ the action of 0{d) on 1 /P'^ follows from the definition of 
the action (see formula fl2T]) ). For the action on q, it follows from the definition (see formula 
f l22|l and (jSD). The action on (P'-^)* follows from proposition l3X2l □ 

Remark 3.3.4. From ([30]), we put s(g) := (P'")^ = q'^'Sil^P'''''^ We have 

s{0{d) ■ q) = iO{d) ■ q'^)s,lc,P'^'^ 

= q'^e-^^^^'^'-Silc^P'''^^ 

= q'^s, (Oid) ■ 1,^P^«) 

= 0{d)-s{q). 

As expected from remark [3.2.6[ for i G {0, ...,A^}, the section {P*''y is a Pic(P(ti'))- 
equivariant section, hence it induces a global section of the bundle H^'^^. ♦ 

We will consider preferably the basis ((P*')*) because, as shown by the previous proposi- 
tion, it provides a basis of global sections of the small A-model D-module. We first compute 
the pairing S''^''^™(-, ■) in this basis. 
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Proposition 3.3.5. The pairing 5''^'^™(-,-) in the basis ((P*')*) is 
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z m 



z qw rrii 




if i + j = n 
ifi+j = n + fi 
otherwise 



where := YYi- 



Proof. Recall that S 



A,sm/ 



■). We will use the formulas ( 128|1 and ( 130|) . The first 



case follows from the equivalence between i + j = n and q = Cj = 0. From ^22^ Proposition 
6.1.(3)], we have that i+j = n + fi is equivalent to q + cj = 1 and r{i) + r(j) = di — 1. We 



conclude using the fact that SiSj 



w 



n 



Mf Q + Cj = 1. 



Remark 3.3.6. Notice that if wq = ■■■ = Wn = I the bases ((-P*' 
equal and that the pairing does not depend on q. ♦ 



IO<i< 



□ 



„ and (If^P^) are 



Put 



:= 1 Diag(deg"'^ 1, deg^^^" P, . . . , deg°^^P-«)'^-i: 



The following proposition completes the description of the small A-model D-module S, 
Proposition 3.3.7. (1) The matrix of the connection V^'*^™ in the basis (If-P^) is 

(31) --Ciq)^+(-f,Ciq) + A^]- 

z q \z J z 

(2) The matrix of the connection V^'*^™ in the basis ((P*?)*) is 



J q \z / z 



where := diag{co, . . . , c^-i) and 





1 ° 





■• 


■ 


qjw™ 


\ 




1 





■■ 


• 







C^q) = 





1 


■■ 


■ 













V 







■ 1 





/ 



Proof. (1) Since Ci(rP(w;)) = /iP by [221 lemma 3 



21], we have 



[iP and $^"^(r 



lx{P* 



□ 



The proposition then follows from the definition of V^'*^™ (see equation 
(2) Follows now from a straightforward computation via the change of basis fl3UI) . 

Remark 3.3.8. (1) We have also R"^ := /i~^(Diag(0, . . . , — 1) — Aqo) (compare with 
Theorem I4.3.2p . 

(2) As we have seen in proposition 13.3.3] the cohomology class 1/,P-' does not define a global 
section of the small A-model D-module, whereas (P*«)* does. This explains the fact that 
the matrix C(g) (resp. C'^{q)) contains rational (resp. integer) powers of q. 

(3) Another way to measure the difference between the bases (1 j^P-') and [P^'^Y is to consider 
the restriction y of V^™ to {oo} x M.a- We have : 

. V(l/.^^') = 0, 
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In other words, the basis (If^P^) is \/-fia.t whereas ((P*'')*) is not. ♦ 

Remark 3.3.9. The matrix C(0) is the matrix of the endomorphism PUorb and does not 
generate the orbifold cohomology ring in generah from the matrix C(0), we can not get all 
the orbifold product Ij^P^ Uorb l/^P^- ♦ 

Example 3.3.10. For P(l,2,2) we have 



Ciq) 



In particular, 



/o 











h 


l/2\ 


1 

















1 

































1 






/o 








o\ 






1 


















1 

































1 


0^ 





C(0) 



and we can not get the equality I1/2 Uorb I1/2P = (see example 16.2.21 below) from C(0). 

4. P-MODEL 



4.1. The setting. In [20], Iritani explains how to construct a mirror candidate from a 
toric stack. In the case of the weighted projective space P(l, wi, . . . , Wn), we start with the 
following exact sequence 







Z 



n+l 



N 







Pic(P(«;)) 

where /3 : Z"+^ — )■ is the map defined via the stacky fan (see section [3.3. ip . Applying the 
functor IIom2(-, C*), we get : 



1 — > (C*)" - 
This gives our mirror candidate to P(u;) 



1 



n+l. 



(C*) 



Mb ■■= C* 

where F(uo, ■ ■ ■ , Un) = Ym=o '^i 7r(Mo, . . . , Un) = uqUi^ ■ ■ ■ m^". Denote by x the coordi- 
nate on Ais- As all the fibers of vr are isomorphic to the torus U := (C*)", we can also 
consider 

F:UxMb — >C 

defined by 

X 

(32) F(mi, . . . ,M„,X) = Ml H ^Un + —^ 



which is a deformation of / : t/ — )■ C defined by 

f{ui, ■ ■ ■ ,Un) = Ui -\ h M„ + 

We will write 

Uo 



Ml ■ ■ ■ U„" 



1 
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Remark 4.1.1. If we identify the monomial 11^=0^^ "with the point (oq, . . . , a„) G Z"+^, 
we see that each monomial Ui corresponds to the point /3(ej) G where is the canonical 
basis of Z""^^. We interpret /3(ej) as the toric divisor Di (see Remark 13.3.11) . In particular, 
the monomial Uq corresponds to Dq = 0{1) and we can expect that the multiplication by 
Uq corresponds to the multiplication by P := ci(0(l)): this will be shown in section [5l^ 

4.2. Gauss-Manin systems and Brieskorn lattices. Let 

l]"(f/)[x,a;-i,r, t'^] 



G 



(du - rduF) A fi«-i(f/) [x, x-\t, r-i] 
be the (Fourier-Laplace transform of the) Gauss-Manin system of F, and 

n^{u)[x,x-\T-'] 

° (r-^du - d^F) A n-i(f/)[x, x-\ r-i] 

be (the Fourier-Laplace transform of) its Brieskorn lattice, where the notation du means 
that the differential is taken with respect to u only. G is equipped with a flat connection 
defined by 

BF 

VliuiT') = lUiT'-^ - FuiT' and Vgiu^r') = CqMY " 

The Gauss-Manin system of / and its Brieskorn lattice are respectively defined by 

fi"(f/)[r,r-i] 



~ (rf-rc//) Afi"-i(f/)[r,r-i] 

and 



fi"(f/)[r-i] 

(_Tn 



° {T-H-df)hn'^~\u)[T-^]' 

G° is also equipped with a fiat connection V^'° defined by 

Vf;°(a;,r*) = iuj.t'-' - fu.r' 
(see for instance [13, Section 2]). 

4.3. The canonical Saito structure. We look for a canonical trivial bundle on x A^^, 
equipped with a connection and a flat pairing as in section [31 A canonical solution of the 
Birkhoff problem for the Brieskorn lattice Gq (see theorem 14.3.21 below) yields such objects. 

4.3.1. The canonical trivial bundle. Let 

To = {(2/1, ■ ■ ■ , 2/„) G + ■ ■ ■ + 2/n = 1} 



and 



d d 

XTo = Ul^ \ ^Un^ 

OUi OUr, 



and 



d d f fi\ d d 

= Ul- \ h Uj^i- h i Uj- \ h UnT— 

^ OUi OUj^i \ Wj J OUj OUn 



for j = 1, ■ ■ ■ , n. We define, for j = 0, 

hr^=Xr,iF)-F 

We thus have hrg = —fixuo and hr^ = —^Uj if j = 1, ■ ' ' , Last we put, for g = v!"^ ■ ■ ■ u^^ 

'pToig) = n H hr„ 
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and, for j = 1, ■ ■ ■ , n, 



^r, {g) =ri h Tj^i + ( 1 - — ) H h r„ 



We will write dr instead of Vf^ for short. 



Lemma 4.3.1. Let ojq be the class of A ■ ■ ■ A ^ in G. One has, for any monomial g, 
the equality 

{rdr + 0r,(fl'))fl'Wo = Thr^guo 
in G, where gujQ denotes the class of g^ A ■ ■ ■ A ^ in G. In particular, tSt-Uq = r/ipoi^o- 
Proof. Straightforward. □ 

This lemma is the starting point in order to solve the Birkhoff problem for Gq, as it has been 
the starting point to solve the one for Gq in [SI section 3]. Put cOq = coq and = xuocOq: 
the equality 

rdrUjQ = tHyoUq 

becomes 

rdrOJQ = TOjf. 

Iterating the process (the idea is to define = —j^cofhr^ etc.), one gets sections oj'^ 
of G satisfying 

for = 1, ■ ■ ■ , /i — 2 and 



1 , ■ ■ ■ ,^1,-1 



1 



rdr + q;^_i)u;^_i 



X 



This can be done as in section 2 and proof of proposition 3.2]. 
By construction we have 

X 



k a(k)i 

' ■ ■ - Wn 



a(k)i 



a(fc)„ V 
"n ^0 



for A; = 1, •■•,// — 1 where the multi-indices a{k) = {a{k)o, a{k)i, ■ ■ ■ ,a{k)n) G N""*" are 
defined in section 12.11 (notice that a(fc)o = 1 for A; > 1 because wq = 1). We will put 

: for instance, u""^^^ = uq and m"*^'"^ = 1 because uq is defined by the 



u 



a{k) 



equation UqUi 



Wl 



■ U 



a{k)n . 



1. 



Recall the rational numbers defined in section 12.11 Let 



^00 = Diag(ao, ■ ■ ■ 



and, for x E J^b, 



/ 





■■ 


■ 


fix/w^ 


\ 


/i 





■■ 


■ 










fi 


■■ 


■ 







V 







■ 





/ 



Wl 



where = w 
also denoted on the A-side by z. 



w^". We will preferably express our results in the variable 6 
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Theorem 4.3.2. The classes Uq, ■ ■ ■ ,Co'^_i form a basis u'^ of Gq over C[x,x ^,^]. In this 
basis, the matrix of the connection is 



e e \ e ^ j fxx 

where H = Diag(0, 1, ■ ■ ■ , /i — 1). 

Proof. One shows that Go is finitely generated as in |T31 proposition 3.2], with the help of 
lemma H:.3.1[ To show that it is free notice that, again by proposition 3.2], a section of 
the kernel of the surjective map 

is given by n Laurent polynomials which vanishes everywhere (see remark below). This gives 
the first assertion. Let us show the second one: the assertion about Vf^ is clear, thanks to 
the definition of the u^s. The action of Vf^ is defined, for rj G Go, by 

and we have, for rj = Uou[^ ■ ■ ■ u^j^Uq, 

1 1 



1 1 

— Ft] 6'(^ rj - Wi)r]. 

We deduce from this, because O'^Vq^ is induced by the multiplication by F, that 

Now, one has XlILi '^(^)i = k — 1 (see section [2rT]) and ^17=1 Wi = fi — 1 so that 

n n 

/i + ^ a{k)i - ^Wi - ak = k - ak- 



i=l i=l 



□ 



Remark 4.3.3. (1) Let x E Mb- The previous construction gives the canonical solution 
u° = (cUq, ■ ■ ■ ,uj'j^_i) of the Birkhoff problem for the Brieskorn lattice of := F{. ,x), 
obtained using the methods in [14] . 

(2) The deformation F can be seen as a 'rescaling' of the function / and it is possible to 
present the proof of the previous proposition in a slightly different way. However, we prefer 
to keep our more direct approach because it emphasizes the multiplication by uq (see the 
last part of section 14.11) and gives the general way to proceed if one wants to compute other 
examples, e.g F{ui, U2, x) = ui + U2 + + ^. 

(3) In order to make the link with the J-function and quantum differential operators, notice 
that 

\w^Q^W{xVQ^-c,)-x\ujt = ^ 

i=l 

(compare with [8], corollary 1.8]). ♦ 
Remark 4.3.4. (Various generalizations) 

(1) The case Wq ^ 1 can be handled using the presentation of the Gauss-Manin system con- 
sidered in [in]. This is longer but yields the same result: one has to replace w'^^'^^^ ■ ■ ■Wn^''^" 
by Wq^^^^w^^'"'^' ■ ■ ■ Wn^''^" in the definition of the w^'s and ■ ■ ■ by "w^"^ ■ ■ ■ in 
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the definition of Aq{x). 

(2) One could start more generally with the function 



f{ui, 



,Ur. 



hiUi H h hnUn + 



U 



where 61, ■ • ■ , fe„ are complex numbers such that 61 ■ ■ ■ 6„ 7^ and would obtain analoguous 
results. The Laurent polynomial considered in [T3] is obtained putting hi = Wi for all i in f. 
But, if we keep in mind mirror symmetry, only the case bi = 1 will be really relevant (see 
theorem 15.1.11 and section HTT!) . ♦ 



Put i?^ = fi^\H 



Aoo)- It follows from section [2?T] that 
R'' = fi-\H-A^) = Dmg{co,--- ,c 



and from theorem 14.3.21 that the matrix of xVf^ in the basis u'^ is given by 



Let be the C[x, 6, ^^^^]-submodule of G generated by cu'^: xVf^ induces a map on ly jxiy 
whose eigenvalues are contained in [0,1[, because Ao(0) a Jordan matrix and because 
Cfc G [0, 1[ for /c = 0, ■ ■ ■ , /i — 1. Thus we get 

Corollary 4.3.5. The lattice is Deligne's canonical extension of the Gauss-Manin system 
G to C* X C such that the eigenvalues of the residue ofVg^ are contained in [0, 1[. □ 

The index recalls the "vanishing cycles". We will call the basis u''^ the canonical basis, as 
it is suggested by this corollary and remark 14.3.31 (1). 

Theorem 14.3.21 says that the canonical basis w"^ gives an extension of Gq as a trivial bundle 

equipped 



on X A^s (the module of its global sections is generated by cJq , ■ 
with a connection with logarithmic pole at r := 6*"^ = and pole of Poincare rank less 
or equal to one at = (see for instance [25l section 2.1]). The following definition is thus 
consistent: 



Definition 4.3.6. The bundle H is the canonical trivial bundle. 
4.3.2. The flat and the orbifold bases. Let A be an open disc in C* and, for x G A, 



flat ._ 



OJ'PX 



flat 



is a local basis of Gq" and we will call it the fiat basis, fiat with respect to the 



restriction y of V'^ at {6 = 00} x C*. The matrix of the connection in the basis 



^flat jg 



/(flat 
^0 



(x) 



+ ^00 ^ - 



de 
J 



^flat, 



x) dx 



fix 



where 



/ 



X' 



ci-co 








X' 



C2-C1 









V 













X 



X 



Cu-1-C„_2 












the Cj's being defined in section \27u 
For z G {0, . . . , yU — 1}, we denote 

(33) c^r'' 
where the Sj are defined in fl30|) . The matrix of the connection V'^ in the basis 0;°''^ is 



.flat 



x-^'s-^ujf 



A 



orb / 



X] 



9 



+ A, 



de 
1 



A^^'^i^x) dx 



e 



jJX 
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where 



/ 



aix' 



Cl-CQ 







C2-C1 g 


















\ . • • ■ a^i-ix 

the Oj's being defined in ( 12^ . 

4.4. The pairing. We define in this section a nondegenerate, symmetric and V'^-fiat bihn- 
ear form on Gq. The lattice Gq is equipped with a nondegenerate bihnear form 

V^'°-fiat and satisfying , for p{e) E €[6], 

p{e)s%-,-) = s^{p{ey,-) = s"i-,pi-e)-). 



More precisely, in the basis u'^ 
has 



0' 



,uj°_i) of Gq considered in remark 14.3.31 (1), one 



S°{u°, u°) G C*^" if < A; < n and + ^ = n, 
S"{ul ul) = { w-'^S^iu", uj°) if n + 1 < < /i - 1 and A; + £ = /i + n, 
otherwise 

w^" as above. This is shown as in [TH Sect. 4]. From now on, we will 



w 



where 

choose the normalization S°{ijJq,ijJ°) = l/mi9" (recall that mi = wi- ■ -Wn)- 
We define, in the basis u'^ given by theorem I4.3.2[ 

otherwise 



ti u if < k < n and k + i = n, 
-vjj^Qu if^ + i<A;<u-landfc + 

mi — — " 



(34) 
This gives 

5^ : Go X Go ^ C[x,x-\9]9'' 

by linearity, using the rules 

a{x, e)S{- , ■) = S{a{x, 6)- , ■) = S{- , a{x, -6) ■) 

for a{x, 6) G C[x, 6]. Flatness is defined by equations ffTBl) . ffT7|) (replacing z hj 9 and 9^ by 
(9^). The following lemma justifies the definition of S^: 

Lemma 4.4.1. The bilinear form is V^-flat. 

Proof. We work in the basis u'^: it follows first from the definition of Aq{x) and 5*^ that 
one has {Aq{x))* = Aq{x) where * denotes the adjoint with respect to . The symmetry 
property of the numbers (see corollary 12. 1.2p shows also that A^^ + A^ = nl. This gives 
equation flTBl) . Now, equation f[T7|) reads 

xd,S''{cof,uJ) = S^{R^{uf),ujJ) + S^{ujt,R^{uj^)) 

but this follows once again from lemma 12.1.21 □ 

Corollary 4.4.2. We have 



6'" ifO<k<n and k + i = n, 
m^\6'" if di + ■ ■ ■ + di < k < di + ■ ■ ■ + rfj+i and k + i = fi + n, 







otherwise 
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Proof. By lemma I4.4.H is constant in the basis w^*^* thus in the basis 0;°'''' and the 
result follows from the definitions, using the fact that rrii = rrij if i + j = k + 2 and 

nil ■ ■ ■ = ■ n 

Remark 4.4.3. (1) The coefficient of 6^ in S^{e,ri), e,rj E Gq, depends only on the classes 
of e and t] in Gq/OGq. We will denote it by g{\e\, [rf\). This defines a nondegenerate bilinear 
form g on Gq/OGo, see ^ p. 211]. 

(2) The bilinear form defines a bilinear form (also denoted by S^) on the trivial bundle 
(see for instance [25l section 1.4]). ♦ 

4.5. Resume (the canonical Saito structure). We have constructed a canonical trivial 
bundle (see definition I4.3.6p . equipped with a fiat meromorphic connection V^, and a 
V'^-fiat pairing 5*^ (see section Summarizing, we get 

Theorem 4.5.1. The tuple 
is a canonical Saito structure. 

It should be emphasized that we have something 'canonical' here. 
Definition 4.5.2. is the small B-model D-module. 

Remark 4.5.3. Iritani's i?-model D-module (see [201 definition 3.16]) is a priori different 
(compare with remark r3.1.6p . as he deals only with bundles on C x A^^: in particular, he 
doesn't consider the Birkhoff problem at all.^ 

5. The mirror partner of the small quantum orbifold cohomology of F{w) 

5.1. Correspondance. Let us summarize the results obtained. On the both sides we have 
a trivial bundle over a base isomorphic to x C*. The free C[q, g~^]-module Ha of global 
sections of H^'^"^ is generated by (P*)-* for j = 0, ■ ■ ■ , — 1 whereas the free C[x, x~^]-module 
Hb of global sections of is generated by (wf ). Define 

by 

This gives an isomorphism between Ha and Hb, after identifying x and x via 
the map {z,q) t— t- {6,x). The following theorem should be compared with f2U[ Proposition 
4.8]. 

Theorem 5.1.1. The map 7 yields an isomorphism between the small A-model D-module 

{MA,H^'""',V'^'''^,S^''"',n) 
and the small B-model D-module 

{MB,H^,V^,S^,n). 

Proof of Theorem \5.1.1[ We first show that the matrices of the connections in the bases 
{P*^) and (cuf) are the same. We have deg°'^^(l/J = = ao and 

deg°'-^(l/J = 2(rfi + ■ ■ ■ + di.i - fifi) = 2ad,+...+d,_, 

if i > 2. Thus, 

deg°'-^(l/^P^) = 2(di + ■ ■ ■ + - /i/,) + 2j = 2ad,+...+d,_,+y 
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Finally, deg°'^^{P*^) = 2aj and this shows that the matrices A^^ are the same. The remaining 
assertions are clear by sections 14.3.21 and 13.3.21 For the pairing, it is enough to notice that 

S^,^^(P'\P'J) = 5^(7(P-),7(P'^)) 

but this follows from the formula flMj) and proposition 13.3.51 □ 

We can thus identify the A-model D-module 5^ and the i?-model D-module : the result 
is a canonical Saito structure and will be denoted by 

:= iM,H,V,S,n). 

We also get, with the help of proposition I2.2.5[ a canonical Frobenius type structure 

¥^ = {M, E, V, ^0, ^oo, g) 
on M where E := Go/OGo = n'^{U)/duF A 

Definition 5.1.2. (1) The tuple Sw is called the w-Saito structure. 
(2) The tuple is called the w-Frobenius type structure. 

These objects will give canonical Frobenius manifolds. 

5.2. The small quantum product via the Jacobi algebra. We give here a mirror 
partner of the small quantum product. This will give an interpretation of the products 
P'* •q P'^ in terms of commutative algebra. 

For k = 0, - ■ ■ , /i — 1, put = /ifcWg where = 1 and 

K yja{k) 

for /c = 1, ■ ■ ■ , — 1 (see section H]3]) . We define now the product * on ii^ by 



Proposition 5.2.1. Let i, j G {0, ■ ■ ■ , /i — 1}. If i + j > j^, we denote i + j := i + j — /J. 

(1) We have, in E, 

In particular, [ujf] = [uf]*^ := [uf] *x ■ ■ ■ *x [^i]- 

' v ' 

i times 

(2) We have, m if*,b(P(w), C), 



(36) •g P*^ 



P'(^+-') ifi + j<fi-l. 



Proof. (1) Because UoU^^---u^" = 1 and, for i > I, u'^^^^w "^^^Wq = '^Uq^o ^- (2) 
Follows from proposition 13.3.71 □ 



Corollary 5.2.2. The matrix j^Aq^x) in theorem 4-3.2 represents the endomorphism [ijjf]*x 
in the basis lu'^]. 



At the end, we get the announced relationship: 

Corollary 5.2.3. The product *x is the mirror partner of the small quantum product •q: we 
have 

[7(p-)] b{p'')] = b{p" •.p'ni 

Proof. Follows from proposition 15 . 2 . Il and the definition of 7. □ 



24 antoine douai *, etienne mann f 

6. Limits 

Up to now, we have worked on = C* and we want now to define a limit at of tfie 
structure {resp. F^). Tliis sliould be of course a Saito structure {resp. a Frobenius 
type structure) on a {resp. on a point), as canonical as possible. This canonical limit 
will be constructed with the help of the Kashiwara-Malgrange V^-filtration at the origin 0. 
The canonical limit Frobenius type structure (on a point) will be then obtain, using the 
proposition 12.2.51 

Notice that, setting "g = 0" on the A-side, one expects to get the orbifold cohomology, 
the endomorphism ci(TP(w))Uorb and the orbifold Poincare pairing. We will see that this 
guess agrees with our result. 

6.1. Canonical limits of the structures and F^. We apply the receipe announced 
above. For convenience reasons, we start from the S-model and we use the notations of 
section HI forgetting the index B. 

6.1.1. The V -filtration at X = . Recall the basis w'^ = (wq, ■■ ■ , o;^.]^) of Go over C[x, 6'], 
which is also a basis of G over C[x,x~^,9,9~^]. Put v{uq) = ■■■ = v(u!^) = and, for 
k = n + 1, ■ ■ ■ , /X — 1, f (w^) = Cfc. Define, for < a < 1, 

y"G= <c[x][e,e-']u^ + x <c[x][e,e-']ui 
v^>«G'= J2 c[x][e,e-^]ut + x J2 '^Wt^'^'Vfc 

and V°'~^^G = x^V^G for p G Z and a G [0, 1[. This gives a decreasing filtration V of G by 
C[x][6', 6'^^]-submodules such that 

Notice that the canonical lattice (see section |4. 3. ip is equal to V'^G and that /xC^ = 
V^G/V^G. We will put G" := V''G/V>''G and G := (SaemG"". 

Lemma 6.1.1. (1) For each a, (xVa^ — a) is nilpotent on G". 

(2) Let N he the nilpotent endomorphism of G which restricts to {xV — a) on G". Its 
Jordan blocks are in one to one correspondance with the maximal constant sequences in 
(co, ■ ■ ■ , c^-i) and the corresponding sizes are the same. 

(3) The classes [wg], ■ ■ ■ , [w^.i] give a basis [u'^] of G over C[9,9^^]. 

Proof. (1) It suffices to prove the assertion for a G [0, 1[. It follows from theorem 14.3.21 that 
we have 

for k = 0, - ■ ■ ,n — 1 and xVa^w^ G V^^G. Moreover we have, for A; = n + 1, ■ • • , /i — 2, 

(xVa, -Cfc)w^ = -^t^fc+i 
and this is equal to in G'"^'^^) if Ck+i > Ck- Last, 

(xVa. - c^-iXi = -Ixw'^io^ ex Y ^N^fc^ ^ V>^^-^G. 

(2) follows from (1) and (3) follows from the definition of □ 

^Naively, one could set q = a; = in the matrices of V and S in the flat basis. Unfortunately, these 
matrices are multivalued (they have rational power of q, x), so that this limit process does not make sense. 
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The matrix of in the basis [w'^] is B6^^ where Bi j = if i 7^ j + 1, = — 1 if q = Cj_i 

and -Bj+i,j = if q 7^ Ci_i (notice that -iJ,B = A^^^{0)). 

Corollary 6.1.2. The filtration V* is the Kashiwara-Malgrange filtration at x = 0. 

Proof. By the previous lemma, the filtration V* satisfies all the characteristic properties of 
the Kashiwara-Malgrange filtration. □ 

6.1.2. Limits. The free C[0, 0^^]-module G is equipped with a connection V whose matrix 
in the basis [u'^] is 

'A . \ de 



where Aq = —^B and A^o = Diag(ao, ■ ■ ■ We now need a limit bilinear form. Let 

Go be the C[6']-sub module of G generated by [uJq], ■ ■ ■ , and define 

by 

for = 0, ■ ■ ■ , (in which case = c„_fc = 0), 



for = n + 1, ■ ■ ■ , /i — 1 (in which case Ck + c^+n-fc = 1) and ^([cjf], [wj]) = otherwise. 
The pairing S is induced by S" on G (hence it is indeed a limit): this is shown as in [26t 
remark 3.6] (with only mild modifications) because 

SiV^G, v^-^G) c x£[x,e,e-^] 

if /3 7^ (and thus the induced bilinear form on the graded pieces is obtained taking the 
coefficient of x) and 

S{V^G,V^G) C C[x,0,r^] 
where V* is the Kashiwara-Malgrange filtration at x = defined above. 

As in section 1131 we get an extension of Gq as a trivial bundle on P^, equipped with a 
connection V and a pairing S. 

Theorem 6.1.3. The tuple = [1^,^/, S,n) is a Saito structure on F^. 

Proof. It is remains to show that S is V-flat, and it is enough to show that [Aq)* = Aq 
and Aoo + (^00)* = ^id. The second equality follows easily from lemma [2.1.11 and from 
the definition of S. To show the first one, use moreover lemma I6.1.H the key point being 
that S(Ao{[u^]), [uj]) = = S{[u^],Ao{[<^j])) because, by lemma 16X11 M[<^^]) = and 
because [uq] does not belong to the image of Aq. □ 

Remark 6.1.4. It should be emphasized that the conclusion of the previous theorem is not 
always true if we work directly on C^/xC^, that is if we forget the gr^ , because the matrix 
^0(0) is not 'enough symmetric'. ♦ 

Definition 6.1.5. The tuple Sy^ is the canonical limit Saito structure. 

Define now E = Gq/OGq and let be the basis of E induced by [w'^]. As explained 
in section 12. 2[ E is thus equipped with two endomorphisms Rq and i?oo (with respective 
matrices Aq and —Aoo) and with a nondegenerate bilinear form g obtained from S as in 
remark 14.4.31 
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Corollary 6.1.6. The tuple 

is a Frohenius type structure on a point. 

Definition 6.1.7. is the canonical limit Frobenius type structure. 

Remark 6.1.8. Let {E, A, B, g) be a Frobenius type structure on a point. We will say that 
an element e of is a pre-primitive section if (e, ^(e), • • ■ , A^~^[e)) is a basis of E over C 
and that e is homogeneous if it is an eigenvector of B. Recall that [cug ] denotes the class of 
u"^ in E. Then [wq] is a pre-primitive and homogeneous section of the limit Frobenius type 
structure {E, Rq, Roo,g) if and only if /i = n + 1. If /i > n + 2, this Frobenius type structure 
has no pre-primitive section at all. ♦ 

6.2. Application: the mirror partner of the orbifold cohomology ring. We define, 
on the graded vector space E, a commutative and associative product U by (see proposition 

Kl U Kl := if ^ + J > /i and 1 + q+y = Q + c„ 

I^^^^l U {ujjl := {ujf^jj if i + j < /i - 1 and Ci+j = Ci + Cj 
and [wfl U {ojj] = otherwise. This product is homogeneous and [wqI is the unit. The 
bilinear form ^ on is also homogeneous because ^([cuf 1, [ooj]) ^ only if z -|- j = n or if 
i + j = fJ' + n: in any case, -|- aj = n. 

Proposition 6.2.1. The tuple {E,U,g) is a Frobenius algebra, isomorphic to 
Proof. To prove the first assertion, it remains to show the compatibility condition 

9{Pn u HI Kl) = 9{Kl Kl u Kl) 

but this follows from a straightforward computation of the right term and the left term, keep- 
ing in mind the definition of 'g and U. The second follows from section O the isomorphism 
is induced by 7. □ 

Of course, this result should be compared with [22' Theorem 1.1]. 

Example 6.2.2. wo = l,wi = W2 = 2: the table of the orbifold cup-product Uorb is 



Uorb 


1 


P 


pi 


ll 


llp 


1 


1 


P 


pi 


ll 


llp 


P 




p'l 





llp 

-> 





p2 















ll 








p 


pi 


llP 

2 














and the one of U is 



u 


Kl 


i^ri 






i^ri 




r v 
^0 




Pol 




P21 






IT V"! 
Pll 













Kl 




























ul 














TfiP2j 




ip- 
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7. Construction of Frobenius manifolds 

First, we recall how to construct Frobenius manifolds, starting from a Frobenius type 
structure (our references will be [TT] and [IB]): one needs a homogeneous and primitive 
section yielding an invertible period map. We then use this construction to define a limit 
Frobenius manifold, by unfolding the limit Frobenius type structure defined in section 
16.11 Last, we end with a discussion about logarithmic Frobenius manifolds, as defined in 
123]. 



7.1. Frobenius manifolds on = C*. Let A be an open disc in A4. The w-Frobenius 
type structure (see definition I5.1.2p gives also an analytic Frobenius type structure 

= (A, E'^", R^"", i?oo, v"", g"! 

on the simply connected domain A. Universal deformations of this Frobenius type structure 
are defined in fHX Definition 2.3.1] and [IB]. The following results are shown and discussed in 
detail in [11] in a slightly different situation, but the arguments in loc. cit. can be repeated 
almost verbatim here so we give only a skecth of the proofs. 

We keep in this section the notations of section HI Let Wq" be the class of oJq in E"-"". cUq" 
is v""-flat because R^{uj^) = 0. 

Lemma 7.1.1. (1) The Frobenius type structure T has a universal deformation 

^ = (iV, E"^", f?^, V"", 
parametrized by N := A x (C^^^, 0). 

~ ~ an 

(2) Let Wq" be the y -flO't extension of uj^^ . The period map 

defined by V5s{;"(0 = — $^"(a;g") is an isomorphism which makes N a Frobenius manifold. 
Proof. (1) We can use the adaptation of [IHl Theorem 2.5] given in [HI Section 6] because 







generate i?"" and because mq := I/M]"^ ■ ■ ■ w^" is not equal to zero in E"-"^. (2) follows from 

(1) (see e.g. [HI Theorem 4.5]). □ 

The previous construction can be also done in the same way "point by point" (see [H] and 
[18] and the references therein) and this is the classical point of view: if x G A one can 
attach to the Laurent polynomial F^ := -F(., x) a Frobenius type structure on a point a 
universal deformation J^^* of it, again because Uq and its powers generate C[ti, M~^](9„-Fa,), 
and finally a Frobenius structure on M := (C^, 0) with the help of the section uq. We will 
call it "the Frobenius structure attached to F^' . Let Fx {resp. J^x) be the germ of J-" {resp. 
J-") at X G A {resp. (x, 0)). 

Proposition 7.1.2. (1) The deformations Tx and T"!^ are isomorphic. 

(2) The period map defined by the flat extension of u^^ to Tx is an isomorphism. This yields 
a Frobenius structure on M which is isomorphic to the one attached to Fx. 

Proof. Notice first that is a deformation of J^x'- this follows from the fact that uq does not 
belong to the Jacobian ideal of /: see [HI section 7]. Better, /"|'* is a universal deformation 
of J-'x because J-'x is a deformation of This gives (1) because, by definition, two universal 
deformations of a same Frobenius type structure are isomorphic. (2) is then clear. □ 
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As a consequence, the universal deformations J-"^*, a; G A, are the germs of a same section, 
namely T . Thus, the Frobenius structure attached to F^.^, x\ G A, can be seen as an analytic 
continuation of the one attached to F^.^,, xq G A. 

7.2. Limit Frobenius manifolds. We start from the canonical limit structures (see section 
I6.1.2P to construct limit Frobenius manifolds. We mime the process explained in section 17.11 
the main point is to find an unfolding of our limit Frobenius type structure such that 
the associated period map is an isomorphism. In order to do this, we first unfold the Saito 
structure (which is after all a vector bundle with connection) and then we use proposition 
[2X51 

It should be emphasized that the cases /i = n + 1 (manifold) and > n + 2 (orbifold) will 
yield different conclusions. 

7.2.1. Unfoldings of the canonical limit structures. The first step is thus to unfold the canon- 
ical limit Saito structure 

(see definition I6.1.5p . A basis of global sections of if is e = (eo, ■ ■ ■ ,e^_i) where we put 
Ci := [uf] (remember that [cof] denotes the class of uf in H). Recall the matrices Aq and 
^oo defined in section 16. 1[ 

Define, for i = 0, ■ ■ ■ , /i — 1, the matrices Ci by 



Ci ~\~ Cj , 



-^e^+j if i + J > /i and 1 + q+j 
Ciicj) = ^ —^i+j if ^ + j < At — 1 and Cj+j = Cj + Cj, 
otherwise 

and put 

Ao{x) = {ao - l)xoCo - fiCi + (aa - l)x2C2 H h (a^^i - l)x^_iC^_i 

where x = (xq, ■ ■ ■ ,a;^-i) is a system of coordinates on M = (C^,0) (with the previous 
notations, we have Xi = x). Notice that —fiCi = Aq 



Example 7.2.1. Assume that Wi 



1. Then /i = ri + 1, 



A, 



in + l] 








■■ 


■ 




1 





■■ 


■ 








1 


■■ 


■ 





V 







■ 1 


0/ 



and Aoo = diag{0, 1, ■ ■ ■ ,n). Put J = y4o/(n + 1): we have Ci = — J* for z = 0, ■ ■ ■ , n, and 
Aq{x) = -XqCq -{n + l)Ci + X2C2 + 2X3C3 + ■ ■ ■ + (n - l)x„C„. 



Let H be the trivial bundle on xM with basis e = (cq, ■ ■ ■ , e^_i) = (l®eo, ■ ■ ■ , l®e^_i). 
Define on H the connection V whose matrix in the basis e is 



i=0 



e ^ e 

Define S" on if by S{ei,ej) = S{ei, Cj), this equality being extended by linearity. 



QH'iPiw)), A MIRROR _D-MODULE AND THEIR CLASSICAL LIMITS 29 

Proposition 7.2.2. (1) The tuple 

S^ = {M,H,V,S,n) 

is a Saito structure which unfolds 

(2) Assume moreover that wq = wi = ■ ■ ■ = Wn = ^- Then the unfolding Sw is universal. 

Proof. (1) We have to show that V is flat and that S is V-flat. The flatness is equivalent to 
the equalities 

~ BA 
[Ao(x),a] =0, ^ + a= 

for all z, J. Notice first that we have Ci(eo) = — Cj for i = 0, ■ ■ ■ , — 1. We have 

Cj+j'+fc if (^i+j+k Cj ~l~ Cj -|- Cfc, 
^i+J+k if 1 + '^i+J+k = Cj + Cj + Cfc, 
^i+j+k if 1 + Cj+j+/c = Cj + + Cfc, 

if 2 + c^ = Q + c,+Cfc 
This is symmetric in i,j and thus [Ci, Cj] = 0. Now if we define 

Mx) = J]([^oo, a] - Ci)xi - fiCi 

the conditions + Cj = [Aqo, Cj] for alH, j = 0, ■ ■ ■ , /i — 1 are obviously satisfied. But we 
have also [Aoo, Ci] = aiCi, because the condition 1 + qqrj = Q + cj {resp. Ci+j = Ci + cj) is 
equivalent to = ai + aj {resp. ai+j = ai + aj), hence [Ao(x), Cj] = and the connection 

is flat. For the V-flatness of S, it is enough to notice that C* = Cj, * denoting the adjoint 
with respect to 5*^. This is shown using the kind of computations above. For the second 
assertion, notice that Aq{0) = Aq. 

{2) If Wo = ■ ■ ■ = Wn = I, cq induces a cychc vector of Aq. Hence, we can use [HI p. 123]: 
the universality then follows from the fact that (Cj)j_(.i^i = —1 for alH = 0, ■ ■ ■ , yU — 1. □ 

The Saito structure S^, with the help of proposition l2.2.5[ gives a Frobenius type structure 
on M, 

¥^ = {M,E,\7,Ro,R^,^^g) 

the matrices of Rq and Roo being, in the obvious bases, Aq and —Aoo- By definition, it is an 
unfolding of F^;. 

7.2.2. Construction of limit Frobenius manifolds. In order to get a Frobenius manifold from 
Frobenius type structure F^, we still need an invertible period map: its existence follows 
from the choice of the first columns of the matrices Cj. 

Corollary 7.2.3. (1) The period map 

ifieo -.TM^E, 

defined by feoiO = ""^§(60), is an isomorphism andeo is an eigenvector of Roo. 

(2) The section cq defines, through the period map ip^^ a Frobenius structure on M which 

makes M the canonical limit Frobenius manifold for which: 

(a) the coordinates (xq, ■ ■ ■ , x^-i) are \/-flat: one has X/dx^ = for all i = 0, ■ ■ ■ , /x — 1, 

(b ) the product is constant in flat coordinates, 

(c) the potential is a polynomial of degree less or equal to 3, 
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(d) the Euler vector field is E = — (oq — l)xQdxQ + jJidx^ — (0:2 — I)x2dx2 — ■ ■ ■ — (a^-i — 

Proof. (1) Indeed, the period map ipeo is defined by = — Cj(eo) = ej_i. Last, Cq is 

an eigenvector of Roo because eo is an eigenvector of i?oo- Let us sliow (2): tlie isomorpliism 
iPeQ brings on TM tlie structures on E: (a) follows from the fact that the first column of the 
matrices Ci are constant and (b) from the fact that the matrices Ci are constant because, 
by the definition of the product, ipe^i^dxi * d^^) = Cj(Cj(eo)); (c) follows from (b) because, in 
fiat coordinates, 

where g is the metric on TM induced by 'g. Last, (d) follows from the definition of Aq{x). □ 

Remark 7.2.4. If wi = ■ ■ ■ = Wn = I, the product is given by 0x^*0^^ = d^^^. iii+j < /x — 1, 
otherwise, and we have 



6 

up to a polynomial of degree less or equal to 2. ♦ 

Remark 7.2.5. Of course, the period map can be an isomorphism for other choices of the 
first columns of the matrices Cf. 

• the resulting Frobenius manifolds will be isomorphic to the one given by the corollary 
if wi = ■■■ = Wn = 1 (manifold case) because the Frobenius type structure 

is a universal deformation of our limit Frobenius type structure (see [18] and 
[TT| Theorem 3.2.1]). We will thus call the Frobenius manifold described above 
the canonical limit Frobenius manifold. This Frobenius structure is the one on M := 
if*(P", C) given by the cup product and the Poincare duality on each tangent spaces. 

• If there exists an Wi such that Wi> 2 (orbifold case), one could get, starting from F^, 
several Frobenius manifolds (we have shown that there exists at least one), which can 
be difficult to compare: we loose the universality property here. However, the Frobe- 
nius manifold obtained in the previous corollary is the one on M := H*j.y^{F{w),C) 
given by the orbifold cup product and the Poincare duality on each tangent spaces. 



7.3. Logarithmic Frobenius manifolds. A manifold M is a Frobenius manifold with log- 
arithmic poles along the divisor D = {x = 0} (for short a logarithmic Frobenius manifold) 
if DerM(}ogD) is equipped with a metric, a multiplication and two (global) logarithmic 
vector fields (the unit e for the multiplication and the Euler vector field E), all these objects 
satisfying the usual compatibility relations (see [231 Definition 1.4]). We can also define a 
Frobenius manifold with logarithmic poles without metric: in this case, we still need a fiat, 
torsionless connection, a symmetric Higgs field (that is a product) and two global logarithmic 
vector fields as before. 

There are two ways to construct such manifolds: the first one is to start from initial data, 
namely a logarithmic Frobenius type structure in the sense of [231 Definition 1.6], and to 
unfold it, just as in section [TTTl This logarithmic Frobenius type structure will be obtained 
from a logarithmic Saito structure, as in proposition 12.2.51 The second is to work directly 
with the big Gromov-Witten potential, as it is done in loc. cit. in the case of P". We explore 
these two ways. 
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7.3.1. Construction via unfoldings. Let N = C We will denote the coordinate on by x 
and we will put D := {x = 0} . The following definitions are borrowed from [23] . 

Definition 7.3.1. A Saito structure of weight n on x iV with logarithmic poles along D 
(for short a logarithmic Saito structure) is a tuple 

where H^°^ is a trivial bundle on x A^, V'"^ is a flat meromorphic connection on H^°^ such 
that 

VW(r(pi X N,H^''S)) C 0~ifi^^^(log(({O} X C) U (C X {0}))) ® r(pi x N,H^°^) 

and 3''°^ is a V'°^-flat bilinear form as in deflnition 12.2.11 

In order to construct logarithmic Frobenius manifolds, we will need the following 

Definition 7.3.2. A Frobenius type structure with logarithmic pole along D (for short, a 
logarithmic Frobenius type structure) is a tuple 

(AT, D, E^^s, v'"^ 9^"') 
where E''°^ is a bundle on A^, i?Q°^ and R''^ are O^v-linear endomorphisms of E''"^, 

is a OAT-linear map, (7'°^ is a metric on z.e a O^v-bilinear form, symmetric and non- 

degenerate, and v'°^ is a connection on E''"^ with logarithmic pole along D, these object 
satisfying the compatibility relations of section 12. 2[ 

Remark 7.3.3. (1) One can also deflne in an obvious way a logarithmic Saito structures 
and logarithmic Frobenius type structure without metric. 

(2) As in section 12. 2^ a logarithmic Saito structure determines a logarithmic Frobenius type 
structure (see [23j, proposition 1.10]) 

(3) As before, we will work preferably in the algebraic category: E''"^ will be a free C[x]- 
module etc...# 

Proposition 13.3.71 and theorem 14.3.21 suggests that we are not so far from a logarithmic 
Saito structure. Indeed, with the notations of section H] and forgetting the index B, H^°^ 
will be obtained from an extension of Go as a free C[a;, ^]-module (recall that Go is only 
a C[x, 6']-module). We can use for instance the C[x, ^]-submodule of Go generated by 
Wq, ■ ■ ■ , and we thank C. Sevenheck for this suggestion: we will denote it by £q. Let 

£^ be the C[x, r]-module generated by Wq, ■ ■ ■ where, as usual, r := 6^^. These two 

free modules give a trivial bundle H^°^ equipped with a connection with the desired poles, 
thanks to theorem 14.3.21 In order to deflne the metric 5*^"^, extend the bilinear form S 
deflned in section H3] to Cq. We will denote the resulting tuple by 5^^. 

The logarithmic Frobenius type structure is then obtained as follows: put E^°^ = Cq/6Cq. 
Deflne, as in section 12. 2[ the endomorphisms i?o°^ and for any logarithmic vector fleld 
^ G Derc(log-D) and, using now the restriction of £^ at r = 0, the endomorphisms B}^ 
and V^°^- We get the flat bilinear symmetric form g^"^ on E^°^ putting 

g'^^iufUi^^]) :=r"5'°nu;f,a;J) 

where [] denotes the class in E^°^ . We will denote the resulting tuple by F^^. 

Proposition 7.3.4. (1) The tuple S^°3 

is a logarithmic Saito structure if Wq = ■ ■ ■ = Wn = ^ 
and a logarithmic Saito structure without metric otherwise. 

(2) The tuple F^^ is a logarithmic Frobenius type structure if wq = ■ ■ ■ = Wn = I and a 
logarithmic Frobenius type structure without metric otherwise. 
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Proof. By section \4A\ S^°^ is not nondegenerate, unless = ■ ■ ■ = w„ = 1. This gives (1) 
and (2) follows. □ 

Corollary 7.3.5. The section ojq together with the tuple F(^^ define a logarithmic Frohe- 
nius manifold if wq = ■ ■ ■ = Wn = 1 and a logarithmic Frobenius manifold without metric 
otherwise. 

Proof. Define 

(^,. :L>erc(logD)^E'°^ 

by (Pui^i^) := — $^°^(co'o). By theorem I4.3.2[ the matrix of is — (a;)/i~"^. Hence ^Pu;^\o 

is injective and cJq |o and its images under iteration of the maps $^"1 |o generate -E'°^|o- The 
result now follows from [23l theorem 1.12] because the section satisfies conditions (IC), 
(EC) and (GC) of loc. cit. and its restriction to - D is v'°^-flat (because E}^{(jJq) = 
0). □ 

If Wq = ■■■ = Wn = 1, 'v/e thus get a counterpart of the results obtained for P", by a different 
method (see section below) in [221 section 2]. If there exists a weight Wi such that Wi > 2, 
the construction of a logarithmic Frobenius manifold with metric using this method is still 
an open problem. 

Remark 7.3.6. One could of course consider different extensions of Go as a free C[x, 6]- 
module and start with a different logarithmic Saito structure: for instance, it is possible to 
work with the lattice £q such that the eigenvalues of the residue matrix of Vg^ at x = are 
contained in ] — 1, 0]. It is easily checked that (with obvious notations) the section Uq in Cq 
is flat but does not satisfy (GC) if /i > n + 2. The only section which satisfies (IC), (EC) 
and (GC) is w^+i but this one is not flat. ♦ 

7.3.2. Construction via the Gromov-Witten potential. In [23], Reichelt associates a logarith- 
mic Frobenius manifold to a smooth projective variety, using the Gromov-Witten potential. 
In this section, we explain why his construction does not apply in the orbifold case. 

In order to simphfy the notations, we focuse on weighted projective spaces. Put Ma '■= 
H*^^{F{w),C) and let {Ma, H'^,V^, S^,n) be its big A-model D-module (see Definition 
13.1.51) . We define the action of Pic(P(w)) on the trivial bundle — )■ x Ma as follows: 

(1) on the fibers of H"^ we define, for any f E F and «/ G H*(W'{w)sf, C), 

0{d) ■ aj := e^^'^'^^af 

(2) on Ma = H*^^{F{w),C) we define 



0{d)-la® a/ :=(a-27rv^rf.Ci(C(l)))© e^- 



feF/{0} ) /eF/{0} 

As in proposition [21221 the Saito structure is equivariant with respect to this action so that 
we have a quotient Saito structure (A^^, iJ^, V"^, S"^, n) where M.a '■= M4/ Pic(P(w)). As 
the basis (l/P'^) is not invariant for / 7^ with respect to this action on Ma (see Proposition 
13.3.31) . the associated coordinates (to, 9 = ^2, • • • , tfi-i) on Ma are not coordinates on the 
quotient M-a- Nevertheless, we can complete (to, g = e*% ^2, • • • , tn) in order to get a system 
of coordinates, denoted by r = (to, g = ^2, • • • , tn, ^n+i, • • • , T/^-i), on J^a- 

Put E"^ := \{o}xMa- ■'■f we want to repeat the argument given by Reichelt in §2.1.1 
[23], we should define the metric using a "infinitesimal period map" TMa which 
sends the vector field 9^-- to Ic^P'''-*^ (cf fl5U]) for the notation). This is not allowed in the 
orbifold case because for q 7^ the cohomology class Ic.P''"^*^ does not define a global section 
of the quotient bundle H"^ -> P^ x Ma- 
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Natural global sections of are (-P*-*)ie{o,...,M-i}- But proposition 13.3.51 implies that the 
metric degenerates at g = 0. Hence as in corollary 17.3. 5^ using these global sections, we get 
a logarithmic Frobenius manifold without metric on AiA in the orbifold case. 
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